Herrlich showed that a Mumford curve of genus g > 1 over the p-adic complex field Cp has at most 48(g − 1), 24(g − 1), 30(g − 1) or 12(g − 1) automorphisms as p = 2, 3, 5 or p > 5. The Mumford curves attaining these bounds are uniformised by normal subgroups of finite index in certain p-adic triangle groups ∆p for p ≤ 5, or in a p-adic quadrangle group p for p > 5. The finite groups attaining these bounds are p-adic analogues of the Hurwitz groups arising from curves over C. We construct explicit infinite families of such groups as quotients of ∆p and p. These include groups of type P SL2(q) and P GL2(q), all arising as congruence quotients when p ≤ 5, and also various alternating and symmetric groups arising as noncongruence quotients of the groups ∆p.
Introduction
The aim of this paper is to develop a p-adic analogue of Hurwitz's theorem on the number of automorphisms of a smooth complex algebraic curve of general type. Over C, smooth curves of general type with maximal number of automorphisms (with respect to the fixed genus) are uniformised by finite index normal subgroups of the triangle group ∆ (2, 3, 7) . Using the André-Kato theory of p-adic triangle groups and an idea of Herrlich, we deduce that over the field of p-adic complex numbers C p for p = 2, 3, 5, all Mumford curves of general type with maximal automorphism groups are uniformised by finite index normal subgroups of the p-adic triangle groups ∆ 2 (2, 3, 8) , ∆ 3 (2, 4, 6) and ∆ 5 (2, 3, 10) , respectively, and for all other p by finite index subgroups of the p-adic quadrangle group p (2, 2, 2, 3). By analogy with the complex situation, we introduce the notion of a p-adic Hurwitz group: this is any finite group which is realised as the automorphism group of a Mumford curve with the maximal number of automorphisms. In our main theorems we show the existence of infinitely many p-adic Hurwitz groups for every p; we construct explicit series, which for p = 2, 3, 5 can be seen as the p-adic analogues of Macbeath's series of Hurwitz groups.
To be more precise, recall the classical theorem of Hurwitz which states that the number of automorphisms of a smooth projective algebraic curve over C of genus g > 1 is bounded above by 84(g − 1), and that this bound is attained by such a curve X if and only if there is a finite normal covering X −→ P 1 ramified exactly over three points with ramification index (2, 3, 7) . In fact, Hurwitz's theorem holds if C is replaced with any algebraically closed field of characteristic 0. But working over C, Hurwitz's theorem has the following nice (and well-known) interpretation in terms of Fuchsian groups: By Riemann's mapping theorem, every smooth complex projective curve X of genus g > 1 is analytically isomorphic to a quotient Γ\H, where Γ is a cocompact discrete and torsion-free subgroup of P SL 2 (R) and H is the upper half plane. In this context the group of automorphisms Aut(X) is isomorphic to the factor group N Γ/Γ, where N Γ denotes the normaliser of Γ in P SL 2 (R). On the other hand, the index [N Γ : Γ] = | Aut(X)| equals vol(Γ)/ vol(N Γ), where vol(·) denotes the volume of a fundamental domain with respect to the hyperbolic volume form. By virtue of the Gauß-Bonnet theorem vol(Γ) = 4π(g − 1) for every cocompact and torsion-free Γ, and maximising the number of automorphisms is equivalent to minimising the volume of N Γ. By a theorem of Siegel the minimal volume among all cocompact Fuchsian groups is achieved by the triangle group ∆(2, 3, 7) with value π/21, and from this the theorem follows. In particular, the second part of the theorem can be stated as follows: Theorem 1.1. Let X be a smooth projective curve over C with genus g > 1. Then the following are equivalent: a) | Aut(X)| = 84(g − 1), b) X is analytically isomorphic to a quotient Γ\H, where Γ is a torsion-free normal subgroup of finite index in the triangle group ∆(2, 3, 7).
Every finite epimorphic image G of ∆(2, 3, 7) is called a Hurwitz group. In other words, a Hurwitz group is isomorphic to the automorphism group of an algebraic curve of general type with the maximal number of automorphisms. Hurwitz groups have been intensively studied and much is known about them. In particular, one knows that there are Hurwitz groups for infinitely many values of g, and many explicit series of Hurwitz groups are known; for details see [8] and [9] .
For a prime p let C p denote the field of p-adic complex numbers, that is, the completion of Q p , the algebraic closure of Q p , with respect to the p-adic valuation. Since C p is algebraically closed and of characteristic 0, Hurwitz's theorem in its algebraic version holds for curves over C p . But in order to formulate a uniformisation-theoretic version of the theorem, one is naturally forced to restrict oneself to the class of Mumford curves. These are exactly the curves of general type (that is, of genus > 1) over C p which are rigid-analytically isomorphic to quotients Γ\Ω Γ , where Γ is a p-adic Schottky group and Ω Γ is the set of ordinary points of Γ. In contrast to the complex situation, not all projective curves of genus > 1 over C p are Mumford curves, and the latter are characterized by their very specific behaviour under reduction modulo the prime ideal in the ring of integers of C p . In fact, the number of automorphisms of a Mumford curve is always strictly less then the Hurwitz bound. Specifically, by a theorem of F. Herrlich (see [16] ) for p-adic Mumford curves of genus g the number of automorphisms is at most 48(g − 1) if p = 2, 24(g − 1) if p = 3, 30(g − 1) if p = 5, and 12(g − 1) if p > 5. We will show that the Mumford curves with maximal automorphism groups are characterized by normal Schottky subgroups of certain p-adic triangle groups for p = 2, 3, 5, and of a p-adic quadrangle group for all other p. With this characterization, the non-existence of p-adic triangle groups for p > 5, proved by F. Kato, explains in some sense the "exceptional" bounds for p = 2, 3, 5. By analogy with the complex situation we would like to consider the following questions:
1. Are there infinitely many p-adic Mumford curves attaining the above bounds for every p?
2. Which finite groups appear as automorphism groups of Mumford curves with the maximal number of automorphisms?
We call a finite group G a p-adic Hurwitz group if it is isomorphic to the automorphism group of a p-adic Mumford curve with the maximal number of automorphisms. We will give an affirmative answer to the first question and construct infinite series of p-adic Hurwitz groups. In fact, we will show that for the given prime p there are infinitely many primes l such that certain explicitly determined subgroups of P SL 2 (q) are p-adic Hurwitz groups for certain powers q of l (see Theorems 3.2, 3.3, 3.4 and 3.5) . For this we use the abstract descriptions of p-adic triangle groups and the above quadrangle groups as free products A * C B of certain finite groups A and B with amalgamated subgroup C; these can be found in [16, 20] for triangle groups and [21] for quadrangle groups. In the cases we are interested in, the homomorphisms A * C B −→ P SL 2 (q) with torsion-free kernel are characterized by embeddings ϕ of A and ψ of B into P SL 2 (q) such that the restrictions of ϕ and ψ to C coincide. We use the classification of subgroups of P SL 2 (q) in order to find all such homomorphisms as well as their images which are always of type P SL 2 (q), P GL 2 (q) or direct products of these. Since the triangle groups involved are arithmetic, there is another possibility to approach the problem by studying quotients of these groups by particular congruence subgroups. This is the subject of Section 4. The main result here is the observation that all p-adic Hurwitz groups constructed in Section 3 are congruence quotients of the corresponding p-adic triangle group. Since quadrangle groups are non-arithmetic in general, the arithmetic construction fails in the case of primes p = 2, 3, 5. By constructing suitable permutation representations of the finite groups A, B and C we can show (see Section 5) that there are p-adic Hurwitz groups for p = 2, 3, 5 which can not arise as quotients of the p-adic triangle group by congruence subgroups. These are infinite sequences of alternating and symmetric groups of special degrees. In the course of proving this, we complete the classification of primitive permutation groups of degree 2m, where m is prime, begun by Wielandt [32] and continued by Kovács, Marušič and Muzychuk [22] . Such sequences also arise in the case p > 5; we conjecture that the groups A n and S n can be realised as p-adic Hurwitz groups for all sufficiently large n. Let us note that first examples of p-adic Hurwitz groups for p > 5 have already been constructed by G. Cornelissen and F. Kato in [6] . The authors there show that G = A 5 and G = S 4 × C 2 are p-adic Hurwitz groups and appear as the automorphism groups of a Mumford curve of genus 6 and 5, respectively. The case G = A 5 is contained in our Theorem 3.5.
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Mumford curves with maximal automorphism groups
Let K be a complete subfield of C p , and let Γ be a finitely generated discrete subgroup of P GL 2 (K). Then Γ is discontinuous, and Γ is called a (p-adic) Schottky group if Γ is torsion-free. In fact a Schottky group is a free group. Let Ω Γ be the set of ordinary points of Γ. Then Γ acts properly discontinuously on Ω Γ , and the quotient X Γ = Γ\Ω Γ is rigid-analytically isomorphic to a smooth algebraic curve defined over K whose genus is equal to the rank of the free group Γ, g(X Γ ) = rk(Γ). We call X Γ a Mumford curve if g(X Γ ) = rk(Γ) > 1. For a Schottky group Γ, let N Γ be the normaliser of Γ in P GL 2 (C p ). Then N Γ is a finitely generated discrete subgroup of P GL 2 (C p ), and it is known that the automorphism group Aut(X Γ ) is isomorphic to the factor group N Γ/Γ (see [15] , p. 216). Following F. Kato (see [20] ) we define a p-adic triangle group of Mumford type ∆ p = ∆ p (a, b, c) of signature (a, b, c) to be a finitely generated discrete subgroup of P GL 2 (C p ) such that:
there exists a Schottky normal subgroup Γ ∆ p such that the morphism X Γ −→ X ∆p is ramified exactly over three points with ramification index (a, b, c).
Similarly, we define a p-adic quadrangle group of Mumford type p (a, b, c, d) of signature (a, b, c, d), replacing the second condition on the ramification with four ramification points and index (a, b, c, d).
Remark 2.1.
• In [1] , Y. André gives a more general definition of p-adic triangle groups as monodromy groups of certain p-adic hypergeometric differential equations. All p-adic triangle groups of Mumford type are of this kind, but the converse is not true. As we will deal only with triangle groups of Mumford type, we will use the term p-adic triangle group to mean a p-adic triangle group of Mumford type.
• The p-adic triangle groups (of Mumford type) are p-adic analogues of the classical Fuchsian triangle groups. But in contrast with the classical complex situation, the condition 1/a + 1/b + 1/c < 1 does not guarantee that the corresponding p-adic triangle group exists. In fact, for p > 5 there are no p-adic triangle groups (of Mumford or non-Mumford type), while for p = 2, 3, 5 there is a complete list of possible conjugacy classes of p-adic triangle groups; see [20, 1] .
With these definitions we can reformulate Herrlich's theorem on the number of automorphisms of p-adic Mumford curves.
where the above normal inclusions should be considered as normal inclusions of finite index.
Proof. Part (a) is the statement of [16] , Satz 2; see also [15] , chapter VII. We want to show how part (b) follows from Herrlich's theorem and Kato's classification of p-adic triangle groups in [20] . For this we know that | Aut(X Γ )| = |N Γ/Γ| where N Γ is the normaliser of Γ in P GL 2 (C p ). Let X N Γ = N Γ\Ω N Γ be the curve associated with N Γ, and let g Γ be the genus of X Γ and g N Γ the genus of X N Γ . The canonical projection map X Γ −→ X N Γ is a Galois covering of degree d = | Aut(X Γ )| which is ramified above t points, say. From the Riemann-Hurwitz formula
where r i is the ramification index above the i-th branch point, we deduce that the assumption g N Γ > 1 leads to d ≤ g Γ − 1. In the same way, from g N Γ = 1 it follows that d ≤ 4(g Γ − 1), as g N Γ = 0 and t > 4 imply d ≤ 4(g Γ − 1). Therefore, for proving part (b) it is sufficient to consider the case g N Γ = 0 and t ≤ 4. From this it follows that N Γ is either a p-adic quadrangle group or a p-adic triangle group, since any finite covering of P 1 ramified over fewer than three points is P 1 again.
By the main theorem of [20] (see also [1] ), for p > 5 there are no p-adic triangle groups. Therefore t = 4 in this case. Putting d = 12(g Γ − 1) and t = 4 in the Riemann-Hurwitz formula, we easily see that (r 1 , r 2 , r 3 , r 4 ) = (2, 2, 2, 3) is the unique solution to the equation 11/6 = 1/r 1 + 1/r 2 + 1/r 3 + 1/r 4 with integers r i > 1. This proves statement (b) for p > 5. We apply the same idea in the remaining cases: For p = 5, we put d = 30(g Γ − 1) in the Riemann-Hurwitz formula. The assumption t = 4 leads to the equation
which has no solution in integers r i > 1. On the other hand, assuming t = 3, it is easily seen that the only triple (r 1 , r 2 , r 3 ) of integers > 1 which satisfies the Riemann-Hurwitz condition with d = 30(g Γ − 1) is (2, 3, 10) . This proves the statement for p = 5. The same argument works for p = 2: the unique solution to the Riemann-Hurwitz condition with d = 48(g Γ −1) and t ≤ 4 is t = 3 and (r 1 , r 2 , r 3 ) = (2, 3, 8) . In the case p = 3, using d = 24(g Γ − 1) and t ≤ 4, the Riemann-Hurwitz condition leads to t = 3 and (r 1 , r 2 , r 3 ) = (2, 3, 12), (2, 4, 6) or (3, 3, 4) as possible candidates. But looking at Kato's list of all p-adic triangle groups, we see that there are no 3-adic triangle groups of signature (2, 3, 12) or (3, 3, 4) . This completes the proof.
In [17] (see also [21] for a refinement) Herrlich associates to every finitely generated discrete group N < P GL 2 (C p ) a locally finite tree T N on which N acts without inversion such that T N = T N /N is a finite graph. This fact determines the abstract group structure of N as an HNN-extension of a tree product. It follows (see [17] , Satz 2 and Satz 4) that N is a tree product N = A 1 * B1 A 2 * B2 . . . * Bn−1 A n of certain finite groups A i , B j if and only if the genus g(X N ) of X N = N \Ω N is zero. In the case of p-adic triangle groups: 16, 20] ). We have the following isomorphisms of abstract groups
Furthermore, the conjugacy class in P GL 2 (C p ) of a p-adic triangle group is uniquely determined by the signature.
On the other hand a p-adic quadrangle group p (a, b, c, d) is not uniquely determined by its signature.
Lemma 2.4 ([21]
). For each of the tree products
and each prime p > 5 there exists a p-adic quadrangle group p < P GL 2 (C p ) of signature (2, 2, 2, 3) such that p is isomorphic to T .
We say that a p-adic Mumford curve X Γ of genus g is a maximal Mumford curve if the automorphism group Aut(X Γ ) satisfies part (b) of Theorem 2.2. In other words, a maximal Mumford curve of genus g has the maximal number of automorphisms among all Mumford curves of this genus. Let ∆ be one of the groups ∆ 2 (2, 3, 8), ∆ 3 (2, 4, 6), ∆ 5 (2, 3, 10) or p (2, 2, 2, 3) for p > 5. We say that a finite group G is a p-adic Hurwitz group if it is an epimorphic image of ∆ with a torsion-free kernel. This means that G is realised as the automorphism group of a maximal Mumford curve.
3 Examples of p-adic Hurwitz groups
The general problem
We need to consider some specific cases of the following general problem:
Given a free product with amalgamation ∆ = A * C B and a finite group G, find all smooth epimorphisms θ : ∆ → G, that is, those with torsion-free kernel K.
We need to know whether such epimorphisms exist, and if they do, we need to classify them up to automorphisms of G. Equivalently, we need to find all torsion-free normal subgroups K of ∆ with ∆/K ∼ = G.
The torsion theorem for free products with amalgamation (see [25] , Ch. IV, Theorem 2.7, or [27] ) states that the torsion elements of A * C B are the conjugates of those in A and B. For K to be torsion-free, it is therefore necessary and sufficient that A and B should be embedded by θ in G. We therefore look for embeddings ψ : A → G and φ : B → G such that ψ| C = φ| C and ψ(A), φ(B) = G. In general one could have ψ(A) ∩ φ(B) > ψ(C), but in the examples we are interested in, C is a maximal subgroup of both A and B, with
The general strategy for solving this problem is therefore as follows:
1. Find all subgroups A * ∼ = A in G, up to automorphisms of G.
2. For each A * , and for each subgroup
3. Determine whether A * , B * = G; equivalently, determine whether any maximal subgroup of G contains both A * and B * . If A * , B * = G, determine this subgroup.
Basic properties of P SL 2 (q)
We are particularly interested in the groups G = P SL 2 (q) ( = L 2 (q) in standard ATLAS notation [10] ) and their subgroups as epimorphic images of ∆, where q = l e for some prime l. Here we list some basic properties of these groups, which will be used later. Full details can be found in [11, Ch. XII] 
The groups P SL 2 (q) are simple for all prime powers q, with the exception of P SL 2 (2) ∼ = S 3 and P SL 2 (3) ∼ = A 4 . They are mutually non-isomorphic, with the exception of P SL 2 (4) and P SL 2 (5) which are both isomorphic to A 5 . The automorphism group of P SL 2 (q) is P ΓL 2 (q), an extension of P GL 2 (q) by Gal F q .
In order to study embeddings of A 5 in P SL 2 (q) it is useful to be able to identify the elements of orders 2, 3 and 5 in P SL 2 (q). If we regard an element of P SL 2 (q) = SL 2 (q)/{±I} as a pair ±A of matrices in SL 2 (q), then its trace is well-defined up to multiplication by −1. For each q the elements of order 2 form a single conjugacy class, consisting of the non-identity elements of trace 0. Their centralisers are elementary abelian groups of order q if q = 2 e , or dihedral groups of order q ± 1 if q ≡ −1 or 1 mod (4) respectively. The elements of order 3 also form a single class if q = 3 e , and two mutually inverse classes if q = 3 e ; these are the non-identity elements of trace ±1. There are elements of order 5 in P SL 2 (q) if and only if q = 5 e or q ≡ ±1 mod (5), in which case they form two conjugacy classes, each inverse-closed and consisting of the squares of the elements of the other class; when q is odd these elements have traces ±(−1 ± √ 5)/2, and when q = 2 e their traces are the primitive cube roots of 1.
The subgroups of P SL 2 (q) were classified by Dickson [11, Ch. XII]. The icosahedral subgroups (those isomorphic to A 5 ) are as follows. If q = 2 e there is a single conjugacy class of such subgroups when e is even, and there are none when e is odd. If q = 5 e there are two classes of such subgroups or one as e is even or odd. For odd q ≡ ±1 (mod 5) there are two conjugacy classes, merging to form a single class in P GL 2 (q), whereas for odd q ≡ ±2 mod (5) there are none.
There are octahedral subgroups (isomorphic to S 4 ) in P SL 2 (q) if and only if q ≡ ±1 mod (8) , in which case they form two conjugacy classes in P SL 2 (q), but a single conjugacy class in P GL 2 (q)
The maximal subgroups are as follows, with k = gcd(q − 1, 2):
• stabilisers of points on the projective line, forming one conjugacy class of subgroups of index q + 1 and order q(q − 1)/k;
• dihedral groups of order 2(q ± 1)/k;
• subgroups isomorphic to A 4 , S 4 or A 5 for some values of q;
• subgroups isomorphic to P SL 2 (q ) where q = l f with e/f prime (so none if e = 1);
• subgroups isomorphic to P GL 2 (q ) where q = l f with e/2f prime or e = 2f .
Homomorphisms
In order to deal simultaneously with all powers q of a given prime l, and with all possible subgroups of P SL 2 (q) (including those of type P GL 2 ) as possible quotients of ∆, the following approach is useful. Let F l be the algebraic closure of the field F l of order l, where l is prime. This is the union of the finite fields F q for all powers q of l, with the natural inclusions, so the group L := P SL 2 (F l ) is the union of the corresponding groups P SL 2 (F q ) = P SL 2 (q), with the induced inclusions. Since every element of F q is a square in F q 2 we have P GL 2 (q) ≤ P SL 2 (q 2 ), so L is also the union P GL 2 (F l ) of the groups P GL 2 (q) for all powers q of l.
It follows that any homomorphism from ∆ to P SL 2 (q) or P GL 2 (q) can be regarded as a homomorphism ∆ → L, by composition with the natural embedding in L. Conversely, since ∆ is finitely generated, the image of any homomorphism ∆ → L is contained in a subgroup P SL 2 (F ) for some finite subfield F = F q of F l . Thus we can find all quotients of ∆ isomorphic to P SL 2 (q) or P GL 2 (q) by considering all homomorphisms ∆ → L. To find the smooth homomorphisms, those with torsion-free kernels, we restrict attention to those which faithfully embed the factors A and B of ∆.
The restriction to A
In preparation for the case ∆ = ∆ 5 , where A is the icosahedral group A 5 , we consider homomorphisms A → L. By the simplicity of A, any non-trivial homomorphism is an embedding.
Suppose first that l = 2, 5. If θ : ∆ → L is any smooth homomorphism, then its restriction ψ to A ∼ = A 5 must be an isomorphism with a subgroup
There is a single conjugacy class of such subgroups A * in L. This is because, being finite, any pair of such subgroups are both contained in a subgroup P SL 2 (F ) for some finite subfield F of F l ; now P SL 2 (F ) has two conjugacy classes of such subgroups, and these are all conjugate in the subgroup P GL 2 (F ) ≤ P SL 2 ( F ) ≤ L, where F is the quadratic extension of F in F l . Let us define two embeddings A → L to be equivalent if they differ by an inner automorphism of L. Given any pair of embeddings ψ i (i = 1, 2), the conjugacy of their images implies that ψ 2 is equivalent to an embedding ψ 2 with the same image as ψ 1 , so ψ 2 differs from ψ 1 by an automorphism of A 5 . Since |Out A 5 | = 2 (induced by conjugation in S 5 ) it follows that there are at most two equivalence classes of embeddings. Indeed, since the outer automorphisms of A 5 transpose its two conjugacy classes of elements of order 5, and these are distinguished by the traces (−1 ± √ 5)/2 of their images in L, which are invariant under conjugation, it follows that there are exactly two equivalence classes of embeddings A → L.
The group P SL 2 (2 e ) has an icosahedral subgroup if and only if e is even, in which case all such subgroups are conjugate to P SL 2 (4). Thus if l = 2 then L has a single conjugacy class of such subgroups. As before, there are two equivalence classes of embeddings A → L, distinguished by the traces of the image of an element of order 5 (the primitive cube roots of 1).
If l = 5 then L again has a single conjugacy class of icosahedral subgroups, in this case because any two such subgroups of P SL 2 (q) are conjugate in P SL 2 (q 2 ). We can take P SL 2 (5) as a representative of these subgroups, and since its normaliser in L is P GL 2 (5) ∼ = S 5 ∼ = Aut A 5 , it follows that in this case there is a single equivalence class of embeddings A → L.
In the cases of ∆ 2 and ∆ 3 we have A ∼ = S 4 . There are such octahedral subgroups in P SL 2 (q) if and only if q ≡ ±1 mod (8) , in which case they form two conjugacy classes in P SL 2 (q), but a single conjugacy class in P GL 2 (q), and hence a single conugacy class in L. These are represented by a subgroup of P SL 2 (l) if l ≡ ±1 mod (8) , and of P SL 2 (l 2 ) if l ≡ ±3 mod (8) . Since S 4 has no outer automorphisms, there is a single equivalence class of embeddings S 4 → L.
To summarise, we have proved the following: From now on we will often abuse the notation, and identify A, B and C with isomorphic subgroups A * , B * and C * of P SL 2 (q), and thus of L = P SL 2 (F l ).
Theorem 3.2. The following are the only torsion-free normal subgroups of ∆ = A 5 * D5 D 10 with ∆/K isomorphic to a subgroup of P SL 2 (q) for any q = l e .
1. If l ≡ ±1 mod (20) there are two torsion-free normal subgroups K with ∆/K ∼ = P SL 2 (l); their intersection has quotient P SL 2 (l) × P SL 2 (l).
If l ≡ ±9
mod (20) there are two torsion-free normal subgroups K with ∆/K ∼ = P GL 2 (l); the quotient by their intersection has index 2 in P GL 2 (l) × P GL 2 (l).
4. If l = 2 or 5 there are no such subgroups K.
Proof. We take
there is a subgroup A ∼ = A 5 in P SL 2 (q) if and only if q = 5 e or q ≡ ±1 mod (5), in which case all such subgroups are equivalent under automorphisms of P SL 2 (q). In A 5 , there is a unique conjugacy class of subgroups C ∼ = D 5 , so it is sufficient to consider just one pair of subgroups C < A < P SL 2 (q).
When q is odd, P SL 2 (q) contains dihedral subgroups D m for m > 2 if and only if m divides (q − 1)/2 or (q + 1)/2. Thus there are subgroups B ∼ = D 10 in P SL 2 (q) if and only if q ≡ ±1 mod (20) . The corresponding condition for P GL 2 (q) is that q ≡ ±1 mod (10) .
It follows that C is contained in a unique subgroup B ∼ = D 10 , and this is contained in P SL 2 (l) since P SL 2 (l) has such a subgroup D 10 when l ≡ ±1 mod (20) . Thus A, B ≤ P SL 2 (l). Since A is a maximal subgroup of P SL 2 (l), and B ≤ A, we have A, B = P SL 2 (l). The two choices of an embedding ψ : A → P SL 2 (l) (differing by an outer automorphism of A) extend to two inequivalent smooth homomorphisms θ : ∆ → P SL 2 (l): this is because the traces of elements of order 5 are invariant under all automorphisms of P SL 2 (l) since these are induced by conjugation in P GL 2 (l). We therefore obtain two torsion-free kernels K 1 , K 2 ∆ with quotient P SL 2 (l). Then K 1 ∩ K 2 is a torsion-free normal subgroup of ∆, and since P SL 2 (l) is simple we have K 1 K 2 = ∆ and hence
Case 2 Now let l ≡ ±9 mod (20) , so there is again a subgroup A ∼ = A 5 in P SL 2 (l). Neither of (l±1)/2 is divisible by 10 so there are no subgroups B ∼ = D 10 in P SL 2 (l). There are such subgroups in P GL 2 (l) since either l + 1 or l − 1 is divisible by 10, and there is a unique such subgroup B containing C. Then A, B is a subgroup of P GL 2 (l), properly containing A and not contained in P SL 2 (l). The only such subgroup is P GL 2 (l) itself, so A, B = P GL 2 (l). All automorphisms of P GL 2 (l) are inner, so as in Case 1 the two choices of an embedding ψ : A → P SL 2 (l) give two torsion-free kernels K ∆, this time with quotient P GL 2 (l). They are both contained in the unique subgroup of index 2 in ∆ (the normal closure of A), and their intersection is a torsion-free normal subgroup whose quotient is a subgroup of index 2 in P GL 2 (l) × P GL 2 (l).
Case 3 If l ≡ ±3 or ±7 mod (20) there are no icosahedral subgroups in P SL 2 (l) but there are in P SL 2 (l 2 ). Since l 2 ≡ 9 mod (20), neither of (l 2 ± 1)/2 is divisible by 10 so there are no subgroups
. There are such subgroups in P GL 2 (l 2 ) since l 2 + 1 is divisible by 10, and there is a unique such subgroup B containing C. Then A, B is a subgroup of P GL 2 (l 2 ), properly containing A and not contained in P SL 2 (l 2 ). The only such subgroup is P GL 2 (l 2 ) itself, so A, B = P GL 2 (l 2 ). The traces of elements of order 5 lie in F l 2 \F l , and they are conjugate under the Galois group of F l 2 , which induces automorphisms of P GL 2 (l 2 ); it follows that in this case the two choices of an embedding ψ : A → P SL 2 (l 2 ) extend to equivalent smooth homomorphisms θ : ∆ → P GL 2 (l 2 ), giving just one torsion-free kernel K ∆ with quotient P GL 2 (l 2 ).
Case 4 If l = 2 or 5 then P SL 2 (q) has no subgroups B ∼ = D 10 and hence there are no smooth epimorphisms from ∆ onto any subgroups of P SL 2 (q) for any q = l e .
Some further smooth quotients of ∆, and of its commutator subgroup ∆ , can be obtained as follows. In any solvable image G = θ(∆) of ∆, the perfect subgroup A ∼ = A 5 must be mapped to the identity. It follows that θ(C) = 1, so θ(∆) = θ(B) has order at most |B : C| = 2. Thus the end of the derived series ∆ ≥ ∆ ≥ ∆ ≥ · · · of ∆ is the commutator subgroup ∆ of index 2. This subgroup, the normal closure of A, is perfect.
In case 1, if K is one of the two normal subgroups of ∆ with quotient P SL 2 (l), then K ∩ ∆ is a normal subgroup of ∆ with quotient P SL 2 (l) × C 2 . Thus ∆ has two torsion-free normal subgroups K ∩ ∆ with quotient P SL 2 (l).
In case 2 however, if K is one of the two normal subgroups of ∆ with quotient P GL 2 (l) then K ≤ ∆ since P GL 2 (l) is not perfect. Thus ∆ again has two torsion-free normal subgroups with quotient P SL 2 (l), the unique subgroup of index 2 in P GL 2 (l).
In case 3, the unique normal subgroup of ∆ with quotient P GL 2 (l 2 ) is contained in ∆ , so ∆ has a torsion-free normal subgroup with quotient P SL 2 (l 2 ).
3.6
The triangle group ∆ 3 (2, 4, 6)
Next we consider the 3-adic triangle group ∆ 3 (2, 4, 6), corresponding to automorphism groups attaining the upper bound of 24(g − 1). Here ∆ = S 4 * D3 D 6 , so we take A = S 4 , B = D 6 and C = D 3 .
Theorem 3.3. The following are the only torsion-free normal subgroups of ∆ = S 4 * D3 D 6 with ∆/K isomorphic to a subgroup of P SL 2 (q) for any q = l e .
1. If l ≡ ±1 mod (24) there is one torsion-free normal subgroup K with ∆/K ∼ = P SL 2 (l).
2. If l ≡ ±7 mod (24) there is one torsion-free normal subgroup K with ∆/K ∼ = P GL 2 (l).
4. If l = 2 or 3 there are no such subgroups K.
Proof. There are subgroups B ∼ = D 6 in P SL 2 (q) if and only if 6 divides (q ± 1)/2, that is, q ≡ ±1 mod (12), so we exclude the primes l = 2 and 3. There is a single equivalence class of embeddings S 4 → L; we may assume that the image A is a subgroup of P SL 2 (l) if l ≡ ±1 mod (8), and of
There is a single conjugacy class of subgroups C ∼ = D 3 in S 4 , so there is a single equivalence class of embeddings in L of the pair C < A.
Only the identity automorphism of B fixes C, so the embedding of D 3 in L extends in a unique way to an embedding of D 6 . There are subgroups B ∼ = D 6 in P SL 2 (l) if and only if l ≡ ±1 mod (12) . Hence if l ≡ ±1 mod (24) then both A and B are subgroups of P SL 2 (l). Dickson's classification shows that no maximal subgroup of P SL 2 (l) contains them both, so they generate P SL 2 (l) as a smooth quotient of ∆. By the uniqueness (up to equivalence) of these embeddings, there is only one normal subgroup K with this quotient.
If l ≡ ±7 mod (24) then A ≤ P SL 2 (l) again; this time, however, B is a subgroup of P GL 2 (l) rather than P SL 2 (l). No proper subgroup of P GL 2 (l) contains them both, so we get a single normal subgroup with P GL 2 (l) as a smooth quotient.
If l ≡ ±3 mod (8) there are no subgroups A ∼ = S 4 in P SL 2 (l) but there are in P GL 2 (l) [11, §257] . Since l = 2, 3 we have l 2 ≡ 1 mod (12), so there are subgroups B ∼ = D 6 in P GL 2 (l). Hence for such primes the same argument as before shows that there is a single normal subgroup with P GL 2 (l) as a smooth quotient. Theorem 3.4. The following are the only torsion-free normal subgroups of ∆ = S 4 * D4 D 8 with ∆/K isomorphic to a subgroup of P SL 2 (q) for any q = l e .
1. If l ≡ ±1 mod (16) there are two torsion-free normal subgroups K with ∆/K ∼ = P SL 2 (l); their intersection has quotient P SL 2 (l) × P SL 2 (l).
2. If l ≡ ±7 mod (16) there are two torsion-free normal subgroups K with ∆/K ∼ = P GL 2 (l); the quotient by their intersection has index 2 in P GL 2 (l) × P GL 2 (l).
4. If l = 2 there are no such subgroups K.
Proof. There are subgroups A ∼ = S 4 in P SL 2 (q) if and only if q ≡ ±1 mod (8), so we consider only primes l = 2. Since S 4 has a single conjugacy class of subgroups isomorphic to D 4 , we find as in the previous case that there is a single equivalence class of embeddings in L of the pair C < A. The subgroup C is contained in a unique subgroup B ∼ = D 8 in L; this is in P SL 2 (q) if and only if q ≡ ±1 mod (16) . Unlike the previous case, the embedding of D 4 extends in two ways to an embedding of D 8 (with the same image), since D 8 has an automorphism α of order 2 fixing a subgroup D 4 and acting as g → g 5 on the cyclic subgroup C 8 . If l ≡ ±1 mod (16) then A and B are subgroups of P SL 2 (l), but not of any maximal subgroup, so we get P SL 2 (l) as a smooth quotient. Pre-composing an embedding D 8 → P SL 2 (l) with α, which is not induced by an automorphism of P SL 2 (l), we get two inequivalent smooth epimorphisms ∆ → P SL 2 (l), and hence two normal subgroups K. As in the case of ∆ 5 , their intersection has quotient P SL 2 (l) × P SL 2 (l) since P SL 2 (l) is simple.
If l ≡ ±7 mod (16) then again there are subgroups S 4 ∼ = A in P SL 2 (l); in this case there are no subgroups B ∼ = D 8 in P SL 2 (l) but there are in P GL 2 (l), so as before we get P GL 2 (l) as a smooth quotient, with two corresponding normal subgroups.
If l ≡ ±3 or ±5 mod (16) then P SL 2 (l) has no subgroups A or B isomorphic to S 4 or D 8 ; instead we have A ≤ P GL 2 (l) while B ≤ P GL 2 (l 2 ). We therefore get P GL 2 (l 2 ) as a smooth quotient, since it has no proper subgroup containing both A and B. Since l 2 ≡ 1 mod (8), each element g of order 8 in P GL 2 (l 2 ) is diagonalisable, say with eigenvalues λ, 1 where λ has order 8. The Frobenius automorphism of F l 2 sends these to eigenvalues λ l , 1. If l ≡ −3 or 5 mod (16) then l ≡ 5 mod (8); thus λ l = λ 5 , and the corresponding automorphism of P GL 2 (l 2 ) induces g → g 5 . The two inequivalent embeddings D 8 → P GL 2 (l 2 ) therefore lead to equivalent epimorphisms ∆ → P GL 2 (l 2 ), and we obtain just one kernel. If l ≡ 3 or −5 mod (16) then −l ≡ 5 mod (8) and so λ −l = λ 5 ; in this case, by composing the Frobenius automorphism with an inner automorphism inverting g we again induce g → g 5 , with the same result. One important difference is that, whereas in those earlier results only bounded powers q = l e of each prime l arose, here we find that e can be arbitrarily large. The reason is that the amalgamated subgroup C ∼ = C 5 is contained in infinitely many subgroups B ∼ = D 5 of L = P SL 2 (F l ), whereas a dihedral subgroup C ∼ = D m (m = 3, 4, 5) is contained in a unique subgroup B ∼ = D 2m . A similar remark applies to the other free products with amalgamation associated with p (2, 2, 2, 3) at the end of Section 2: in each case, the amalgamated subgroup C ∼ = C m is contained in infinitely many subgroups B ∼ = D m . Theorem 3.5. A finite subgroup of P SL 2 (F l ) is a smooth quotient of ∆ = A 5 * C5 D 5 if and only if it is isomorphic to one of the following:
3. P SL 2 (2 e ) for any even e if l = 2;
4. P SL 2 (5 e ) for any e if l = 5.
[Note that P SL 2 (4) ∼ = P SL 2 (5) ∼ = A 5 , so quotients isomorphic to A 5 arise in all four cases.]
Proof. Let ∆ = A 5 * C5 D 5 , and suppose that θ : ∆ → G is a smooth epimorphism from ∆ to a subgroup G of L. Assume first that l ≡ 1 mod (5). Up to conjugacy, we can assume that A = A 5 is mapped to a subgroup A * ∼ = A 5 of P SL 2 (l) < L, and that C = C 5 is mapped to a diagonal subgroup C * ∼ = C 5 of P SL 2 (l), generated by an element represented by a matrix
where a has multiplicative order 5. The involutions i ∈ L inverting C * are those represented by matrices 
, having an icosahedral proper subgroup, must have the form P SL 2 (q) or P GL 2 (q) for some q. It is then the smallest subgroup P SL 2 (q) or P GL 2 (q) containing i, since these all contain A * . Here q is the order of the subfield F q generated by b, and G is P SL 2 (q) or P GL 2 (q) as det N = −b is or is not a square in that field. If we choose b = −c where c generates the multiplicative group F * q , then −b is a non-square in F q , generating that field, so G = P GL 2 (q). If we choose b = −c 2 , however, then −b is a square in F q , and it again generates that field since −b generates a subroup of index 2 in F * q , so G = P SL 2 (q); such a choice of b is possible, with i ∈ A * , if and only if q > 11. Thus P SL 2 (q) and P GL 2 (q) are both smooth quotients of ∆ for all powers q of l, with the exception of P SL 2 (11) . Now assume that l ≡ −1 mod (5). As before, we can take A * < P SL 2 (l) < L, but there is now no diagonal subgroup C * ∼ = C 5 in A * . Instead, we can assume that C * is generated by an element represented by a matrix
The involutions i ∈ L inverting C * are then the elements represented by matrices
Choosing a and b to generate F q , we again have G = P SL 2 (q) or P GL 2 (q) as det M = −(a 2 + abt + b
2 ) is or is not a square in that field. Given any q, both conclusions are possible: we can choose b to be a generator for F * q , so that a and b generate F q for any a; the function F q → F q , a → −(a 2 + abt + b 2 ) is at most 2-to-1, so it takes at least q/2 values, which must include both a non-zero square and a non-square, as required. (In fact, the number of pairs (a, b) ∈ F q × F q generating a proper subfield is bounded above by
where r ranges over the k distinct primes dividing e, so the proportion of pairs not generating the field is at most log 2 e/q.) If l ≡ ±2 mod (5) then we can take (5) we take C * as in the preceding case, but now with t ∈ F l 2 . Choosing i as before, we obtain a subgroup G = A * ∼ = A 5 if i ∈ A * , and G = P SL 2 (q) or P GL 2 (q) where q is an even power of l if i ∈ A * . In the latter case, if l = 2 then every element of F q is a square, so we obtain G = P GL 2 (q) = P SL 2 (q), but if l is odd then again both P SL 2 (q) (provided q > 9) and P GL 2 (q) can occur, as det N is a square or a non-square in F q .
If l = 5 we can take A * = P SL 2 (l) < L, with C * generated by the element represented by
In this case the involutions i ∈ L inverting C * are represented by matrices
For these, det N = −1 is a square, so we obtain G = P SL 2 (q) where b generates F q .
Normal subgroups with torsion
In this section we determine all the normal subgroups of the p-adic triangle groups ∆ 2 (2, 3, 8), ∆ 3 (2, 4, 6) and ∆ 5 (2, 3, 10) which contain elements of finite order. This result will in particular prove that certain normal subgroups considered in Section 4 are torsion-free. For completeness, we also consider the quadrangle group ∆ = A 5 * C5 D 5 .
Let N be a proper normal subgroup of ∆ containing a torsion element g = 1, and let θ : ∆ → G := ∆/N be the natural epimorphism. By the torsion theorem for free products with amalgamation [25] , g is conjugate to an element of A or B; since N is normal in ∆ we may assume that g ∈ A or g ∈ B, so either
Note that the group A = A 5 is simple, while A = S 4 has only A 4 and a single Klein four-group K 4 as nontrivial proper normal subgroups. Theorem 3.6. In the above circumstances, one of the following holds:
Here N is the normal closure of A in ∆. Proof. First suppose that K = A, that is, A ≤ N , so C ≤ N and hence C ≤ L. Now G is generated by Aθ and Bθ; the first is the trivial group, and since |B : C| = 2 for each p, the second is cyclic of order at most 2. Since G = 1 we have G ∼ = C 2 and |∆ : N | = |B : L| = 2. Since L ≥ C it follows that L = C. This shows that N is unique, namely N is the normal closure in ∆ of A. This gives conclusion (1).
Next suppose that ∆ = ∆ 2 and A > K ≥ K 4 (so K = K 4 or A 4 ). Now K 4 is contained in each of the three subgroups of 4 , and K 4 is contained in C, its normal closure is C. Thus C ≤ L, so C ≤ N and hence C ≤ K. However, the normal closure of C in A is A, so K = A, contradicting our hypothesis. Now suppose that ∆ = ∆ 3 and
which is normal in B; thus Bθ is a quotient of B/S ∼ = V 4 , and hence so is G, giving conclusion (2). 4 Arithmetic description of p-adic Hurwitz groups for p = 2, 3, 5
In this section we will present an arithmetic construction of p-adic Hurwitz groups for p = 2, 3, 5 which is based on the fact that the triangle groups ∆ 2 (2, 3, 8), ∆ 3 (2, 4, 6) and ∆ 5 (2, 3, 10) are arithmetic groups, or more precisely S-arithmetic groups. A theorem ofČerednik provides a tool that enables us to study quotients of the corresponding Fuchsian triangle groups by certain finite index normal subgroups instead of the above p-adic triangle groups.
4.1Čerednik's Theorem
Let F be a totally real number field and O F its ring of integers. For a place v of F let F v denote the completion of F with respect to v. Let O Fv be the closure of O F in F v . For a finite set of places S of F containing all the archimedean places of F let O S denote the ring of S-integers of F , that is, the set of all elements of F which are integral outside S. Let A be a quaternion algebra over F , Ram(A) the set of places where A ramifies and let A v = A ⊗ F F v be the localisation of A with respect to v. Denote by Nrd the reduced norm and by A (1) the group of elements in A with reduced norm 1. Consider
Here we assume that there is at least one place in S at which A is unramified. For a maximal
be the projective norm-1 group of the order M S . It is well known that Γ There are two particular special cases of S-arithmetic groups derived from a quaternion algebra A:
A) Assume that A is ramified at all archimedean places, with exactly one exception v. Then choosing S = {archimedean places} the S-arithmetic groups will be discrete subgroups of P SL 2 (F v ) = P SL 2 (R).
B) Assume that the algebra A is totally definite, that is, A is ramified at all archimedean places of F , and choose a non-archimedean place v such that v / ∈ Ram(A). Then choosing S = {archimedean places of F } ∪ {v} the S-arithmetic groups will be discrete (and cocompact) subgroups of P SL 2 (F v ).
In each of these cases, to every torsion-free S-arithmetic group Γ derived from A we can associate an algebraic curve X Γ over C, resp. C p (where p = p v is the characteristic of the residue field corresponding to v). This curve arises from the quotient
is the complex upper half plane in case (A) and Drinfel'd's p-adic upper half plane in case (B). In the first case classical theory ensures that X Γ indeed comes from a projective algebraic curve, and in the second case this is known by Mumford's theory of p-adic uniformisation.
For a place w / ∈ Ram(A) let T = Ram(A) ∪ {w} and chooseŵ ∈ T . Then there is a uniquely determined quaternion algebraÂ (up to isomorphism) with Ram(Â) = T − {ŵ}. ThusÂ is obtained from A by interchanging the local invariants w andŵ. Fix a maximal O T -order M T in A and let a be a two-sided ideal in O T . Let Γ * M T (a) be the principal congruence subgroup of level a defined as follows (see [5] or [1] , II.7.4):
Here we write Nrd(x) 0 if the reduced norm is totally positive, and for a place v of F we set M T,v = M T ⊗ O T O Fv . Similarly, the groupM * T (a) is defined when considering a maximal O T -orderM T inÂ and an ideal a in O T . By construction, the group Γ * M T (a) will be discrete in P GL 2 (F w ), and Γ * M T (a) becomes discrete in P GL 2 (Fŵ). Moreover, if w is an archimedean place, Γ * M T (a) lies in P SL 2 (R). If we assume that Γ * M T (a) (resp. Γ * M T (a)) is torsion-free then, as above, there is the associated algebraic curve X a = X Γ * M T (a) (resp.X a = X Γ * M T (a) ); for archimedean w (resp.ŵ) this is simply the algebraic curve corresponding to the Riemann surface Γ * M T (a)\H (resp. Γ * M T (a)\H), and for non-archimedean w is the Mumford curve arising from the quotient
The main result of [5] is the statement that the curves X a andX a are isomorphic as curves defined over a number field. In particular the automorphism groups Aut(X a ) and Aut(X a ) are isomorphic.
Thus,Čerednik's Theorem gives the possibility of comparing uniformisations of (particular) curves defined over a number field with respect to different primes. Choosing w, say, to be an infinite prime andŵ to be a finite prime,Čerednik's result enables one to compare curves uniformised by Fuchsian groups and p-adic uniformisations.
Arithmetic p-adic triangle groups
We again consider the three p-adic triangle groups (2, 4, 6 ), for p = 3 ∆ 5 (2, 3, 10), for p = 5
Now, omitting the index p, we have three Fuchsian triangle groups ∆(2, 3, 8), ∆(2, 4, 6) and ∆ (2, 3, 10) . By the theorem of Takeuchi [30] these triangle groups are arithmetic groups derived from a quaternion algebra (compare case (A) in 4.1). More precisely, for each of the three triangle groups ∆ above there is a totally real number field F ∆ , a quaternion algebra A ∆ over F ∆ with only one unramified infinite place and a maximal order M ∆ such that
We list the fields and quaternion algebras corresponding to the three cases in the following table:
Here, p p denotes a fixed prime of F ∆ which divides the rational prime p (which is unique in both cases above). In addition, for a general quaternion algebra A over a number field F , disc(A) denotes the discriminant, which is defined as the product over all prime ideals in O F over which A is ramified. Note that disc(A ∆ ) already determines the algebra A ∆ uniquely up to isomorphism, because of the fixed ramification of A ∆ over infinite primes (condition A) in 4.1). In each of the cases above there is a unique (up to conjugation) maximal order M ∆ in A ∆ , because for all three fields F ∆ the class number equals to 1.
and consider the quaternion algebraÂ ∆ over F ∆ defined by the property thatÂ ∆ is ramified at all infinite places and disc(Â ∆ ) = disc(A ∆ )/p. By construction,Â ∆ is unique up to isomorphism. In fact,Â ∆ is defined by interchanging the role of the unramified infinite prime of F ∆ and p.
is an S-arithmetic group derived from the quaternion algebraÂ ∆ for S = {archimedean places} ∪ {p}, and will be a discrete subgroup in P GL 2 (F ∆p ) sinceÂ ∆ is totally definite (see case (B) in 4.1). As a consequence ofČerednik's Theorem we have the following 
M . An element in A * normalises the order M if and only if it normalises M q for all finite places q. If A is unramified at q the normaliser of
and as
A is unramified at l we obtain that g ∈ Γ * M lies also in P GL 2 (O F l ). The reduction map modulo l defines a homomorphism Γ *
Since the class number of F is one, Γ * M coincides with the group
where R f is the set of all finite ramified places in A and O R f is the ring of R f -integers in F ( [2] or [26] ). It follows that the reduced norm of an element
In view of Eichler's strong approximation theorem (see [13] , Satz 5, or [29] , 2.15) the reduction map is surjective.
We can in particular apply the above Lemma 4.2 to the three quaternion algebras A ∆ /F ∆ associated with the Fuchsian groups ∆ = ∆(2, 3, 10), ∆ (2, 3, 8) and ∆(2, 4, 6) which coincide with Γ M * ∆ . If we assume in those cases that the prime ideal l is not p 2 and not p, where p is defined in (2), we know that Γ M * (l) is torsion-free. Since Γ * M∆ is a maximal discrete subgroup in P SL 2 (R) the automorphism group of the curve X l = Γ * M∆ (l)\H is Γ * M /Γ * M (l), so it is isomorphic to either P SL 2 (O F∆ /l) or P GL 2 (O F∆ /l) by Lemma 4.2. ApplyingČerednik's result, the automorphism group of X l is isomorphic to the automorphism group of the p-adic curveX l = Γ * M (l)\H p defined by the p-adic Schottky subgroup Γ * M (l) of ∆ p = Γ * M by Lemma 4.1. The automorphism group of X l will be a p-adic Hurwitz group. In the next section we will discuss the precise structure of this automorphism groups for each of the three cases separately.
Congruence quotients of ∆ 5 (2, 3, 10)
Let F = Q( √ 5) and let A be the quaternion algebra over F ramified exactly at one infinite place and the prime p 5 = √ 5O F . Let M be a maximal order in A. By the preceding section, the group Γ * M /Γ * M (l), where l is a prime ideal l = p 2 , p 5 , will be a 5-adic Hurwitz group. Moreover, with l = l ∩ Z, the rational prime over which l lies, we know that
since the prime l splits in F if and only if • For l ≡ ±2 mod 5 we have a l = −1. Proof. Assume first that l ≡ ±1 mod 5. In this case we ask whether a is a square in
Because of the multiplicativity of the symbol we have
The symbol
can be computed by a theorem of Williams, Hardy, and Friesen [31] . In our case their main theorem gives
where 4 stands for the rational biquadratic residue symbol. Altogether we get
Let us now consider the case l ≡ ±2 mod 5. Here l is inert in O F , that is, lO F = l is a prime ideal and O F /l ∼ = F l 2 . From the general properties of the residue symbol we can easily deduce the following relation, which holds not only in F = Q( √ 5) but in any quadratic field, or more generally in any abelian extension F/Q:
with the usual Legendre-symbol on the right. In order to see this, recall that the symbol a l is uniquely determined by the congruence
mod l where N l denotes the norm of l. For l = lO F with a rational prime l we have N l = l 2 and consequently
On the other hand the non-trivial automorphism σ of F has the property that a σ ≡ a l mod l (it is interpreted as the Frobenius automorphism at l). Therefore
In the special case a = Proof. From the discussion above we know that the quotient Γ * M /Γ * M (l) corresponding to a prime ideal l ∩ Z = lZ = 2Z, 5Z is of type
By the results of Section 3.9, Γ * M (l) is torsion-free. Since for l ≡ ±1 mod 5 there are two different prime ideals l of F such that l ∩ Z = lZ, in the cases l ≡ ±1, ±9 mod 20 we have two different K and only one K for l ≡ ±2 mod 5.
Congruence quotients of ∆ 2 (2, 3, 8)
In this case we consider F = Q( √ 2), A the quaternion algebra over F ramified exactly at one infinite place and the prime p 2 = √ 2O F . Again let M be a maximal order in A. Now, Γ * M /Γ * M (l) with a prime ideal l = p 2 will be a 2-adic Hurwitz group. With the same arguments as before
since the structure of O F /l depends on the symbol Proof. In the case l ≡ ±1 mod 8 we again use the result of [31] , by which we have
which proves the first statement.
Consider the case l ≡ ±3 mod 8. In this case l is inert in F and we again use the general relation (3) which in this case gives
As in 4.2.1 we can state the following corollary: 
Congruence quotients of ∆ 3 (2, 4, 6)
Here we consider the quaternion algebra over Q which is ramified exactly over the two primes 2 and 3. If M is a maximal order in this quaternion algebra we obtain by Lemma 4.2 as before for any prime l = 2, 3 that Γ * M /Γ * M (l) is isomorphic to either P SL 2 (l) or P GL 2 (l). The structure of the quotient depends on the behaviour of the two ramified primes 2 and 3 modulo l. Assuming that both of these primes are quadratic residues modulo l, that is, l ≡ ±1 mod 24, we obtain Γ * M /Γ * M (l) ∼ = P SL 2 (l) = P SL 2 (F l ). On the other hand if 5 p-adic Hurwitz groups arising from noncongruence subgroups
Constructing noncongruence subgroups
So far, all the p-adic Hurwitz groups we have discussed have arisen as quotients by congruence subgroups. Our aim now is to give further examples which arise as quotients by noncongruence subgroups. We make no claim to be exhaustive: instead, we will simply illustrate some of the methods and results that are available. If ∆ is one of the groups ∆ 2 (2, 3, 8), ∆ 3 (2, 4, 6) or ∆ 5 (2, 3, 10), and K is a normal congruence subgroup of ∆, then any nonabelian composition factor of ∆/K must be isomorphic to P SL 2 (q) for some prime power q. It follows that if there is an epimorphism θ : ∆ → G where G is a finite group with a nonabelian composition factor not isomorphic to P SL 2 (q) for any q, then ker θ is a noncongruence subgroup of finite index in ∆, torsion-free by Corollary 3.8. Examples of groups G with such a composition factor include the alternating and symmetric groups A n and S n for n ≥ 7 (note that A 5 ∼ = P SL 2 (4) ∼ = P SL 2 (5) and A 6 ∼ = P SL 2 (9)).
With this in mind, we will prove the following:
Theorem 5.1. There are epimorphisms from the groups ∆ to the following finite groups:
1. There is a smooth epimorphism from ∆ 5 (2, 3, 10) to A n for infinitely many values of n.
2. There is a smooth epimorphism from ∆ 3 (2, 4, 6) to S n for infinitely many values of n.
3. There is a smooth epimorphism from ∆ 2 (2, 3, 8) to S n for infinitely many values of n.
By the argument given above, this immediately implies the following:
In each of the above cases, provided n ≥ 7 the kernels of these epimorphisms are torsion-free noncongruence subgroups of finite index in ∆.
In order to construct suitable epimorphisms ∆ → G, we use that fact that each of the three groups ∆ is an amalgamated free product A * C B of two finite groups A and B. By combining finite permutation representations of A and B so that they agree on the amalgamated subgroup C, we obtain epimorphisms from ∆ to permutation groups G ≤ S n of unbounded degrees n. We will choose the permutation representations of A and B so that these groups G are primitive, and then use results which show that a primitive permutation group satisfying certain extra conditions must contain the alternating group. By the maximality of A n in S n it follows that G = A n or S n , with the latter if and only if some element of G induces an odd permutation.
The process for combining representations of A and B is as follows. Let G be a connected bipartite graph, with vertex-set V partitioned into sets V A and V B coloured white and black, so that each edge connects a white and a black vertex. Let each vertex v in V A or V B be labelled with a transitive action Ψ v or Φ v of A or B, and let each edge e be labelled with a transitive action Σ e of C, in such a way that the edges incident with each vertex v are labelled with the distinct orbits of C in the corresponding action of A or B. The actions Ψ v (v ∈ V A ) combine to give an action Ψ G of A on a set Ω, the disjoint union of the sets underlying each Ψ v , with orbits corresponding to the white vertices of G. This action Ψ G restricts to an action Σ G of C on Ω, with orbits corresponding to the edges e of G, each labelled with the appropriate action Σ e . For each black vertex v the incident edges e provide actions Σ e of C which can be extended to the action Φ v of B on the union of their underlying sets. These actions Φ v (v ∈ V B ) then combine to give an action Φ G of B on Ω, with orbits corresponding to the black vertices of G. Since the actions Ψ G and Ψ G of A and B have the same restriction to C (namely Σ G ), they extend to an action Θ G of ∆ on Ω, which is transitive since G is connected.
In the next three sections we will use this method to prove Theorem 5.1 for the three groups ∆. In each case we have B = D 2m for some m. We will regard B as the symmetry group of a regular 2m-gon, so that the two subgroups of B isomorphic to D m are generated by the reflections in the diagonals though antipodal pairs of vertices, and in the perpendicular bisectors of antipodal edges. In order to be specific, we will take the subgroup C = D m of B to be the first of these, though the choice is immaterial since these two subgroups are transposed by an outer automorphism of B. By contrast, in each of the three cases, C is unique up to conjugacy as a subgroup of A.
Noncongruence subgroups of ∆ 5 (2, 3, 10)
We will first apply the above method to prove Theorem 5.1 for the group ∆ = ∆ 5 = ∆ 5 (2, 3, 10) . In this case we take A = A 5 , B = D 10 and C = D 5 .
For each i = 5, 6 and 15 let Ψ i denote the transitive action of A on the cosets of a subgroup of index i; in each case there is a single conjugacy class of such subgroups, isomorphic to A 4 , D 5 and C 2 respectively, so the action is uniquely defined up to isomorphism. Thus Ψ 5 is the natural action of A as A 5 , while Ψ 6 and Ψ 15 are its actions by rotations on the antipodal pairs of vertices and edges of an icosahedron.
There is, up to conjugacy, a unique subgroup C ∼ = D 5 in A, the set-wise stabiliser of an antipodal pair of vertices of an icosahedron. The action Ψ 5 of A restricts to the natural action Σ 5 of C on the vertices of a pentagon (its unique transitive action of degree 5), while Ψ 6 restricts to two orbits, affording Σ 5 and the trivial action Σ 1 of C, and Ψ 15 restricts to three orbits each affording Σ 5 .
Let Φ 10 and Φ 5 denote the transitive actions of B on the vertices and the antipodal pairs of vertices of a decagon, and Φ 1 its trivial action; the kernel of Φ 5 is the centre Z(B) ∼ = C 2 of B, generated by a rotation z of order 2.
We take C to be the subgroup of B generated by the reflections in the diagonals of a decagon, so that B = C ×Z(B). The actions Φ 10 and Φ 5 of B restrict to C as two copies of Σ 5 (on alternate vertices of a decagon) and one copy of Σ 5 respectively, while Φ 1 restricts to Σ 1 .
We construct a bipartite graph G as follows. We start with a circuit of 2k vertices and 2k edges, where k ≥ 2; the vertices are alternately coloured white, labelled Ψ 15 , and black, labelled Φ 10 . Next, each of the k white vertices is joined by an edge to a black vertex; k − 2 of these are labelled Φ 5 , and two are labelled Φ 10 . These two black vertices are joined by edges to white vertices labelled Ψ 5 and Ψ 6 . All the edges used so far are labelled Σ 5 . Finally the white vertex labelled Ψ 6 is joined by an edge labelled Σ 1 to a black vertex labelled Φ 1 . This labelling of incident vertices and edges is consistent with the restrictions to C of the corresponding actions of A and B. As explained earlier, it follows that this connected graph yields a transitive action θ : ∆ → S n of ∆ as a permutation group G on a set Ω of cardinality n = 15k + 5 + 6 = 15k + 11, the disjoint union of the k sets affording Ψ 15 and the two sets affording Ψ 5 and Ψ 6 .
Since 15 and 11 are coprime, Dirichlet's Theorem implies that there are infinitely many values of k (necessarily even) for which n is prime, so that G acts primitively on Ω. As a consequence of the classification of finite simple groups, the transitive groups of prime degree are all known (see, for instance, [3] ). They are: To save space, white and black vertex labels Ψ λ and Φ λ , and edge labels Σ λ , are abbreviated to λ.
• alternating and symmetric groups A n and S n acting naturally for primes n ≥ 5;
• affine groups G such that C n ≤ G ≤ AGL 1 (n) for primes n (these are the solvable groups of prime degree);
• projective groups G with
, acting on the points or the hyperplanes of P d−1 (q), where q is a prime power and d ≥ 2;
• three sporadic examples: P SL 2 (11) acting on the n = 11 cosets of a subgroup A 5 , and the Mathieu groups M 11 and M 23 acting naturally with degrees n = 11 and 23.
Since G contains subgroups isomorphic to A 5 it is not solvable, so it cannot be an affine group. Since k ≥ 2 we have n ≥ 41, so P SL 2 (11) and the Mathieu groups are also eliminated. Being perfect, A induces only even permutations on Ω; the involution z generating Z(B) induces 5(k + 2) transpositions, and since k is even this is also an even permutation; since ∆ = A, z it follows that G ≤ A n and in particular G = S n . Thus G is a projective group or an alternating group.
Suppose that G is a subgroup of P ΓL d (q). If d = 2 then n = q + 1; since n is odd, q must be a power of 2, whereas in our case n−1 = 15k+10 is divisible by 5, so we must have d ≥ 3. We cannot completely eliminate this possibility: for instance, P ΓL 5 (7) has prime degree 2801 ≡ 11 mod (15). However, density arguments based on the Prime Number Theorem and its generalisations show that the projective degrees (q d − 1)/(q − 1) with d ≥ 3 are significantly scarcer than the primes n ≡ 11 mod (15), so for infinitely many such primes we have G = A n , as required.
To be specific, for each N > 0 let π(N ) denote the number of primes n ≤ N , and let δ(N ) be the number of projective degrees (q d − 1)/(q − 1) ≤ N , with q a prime power and d ≥ 3.
Lemma 5.3. The function δ satisfies
Proof. Writing q = p e with p prime we see that if 
primes p contributing degrees. The result immediately follows. Now let π a,b (N ) denote the number of primes n ≤ N satisfying n ≡ a mod (b). A stronger form of the Prime Number Theorem (see [23, §7-4] ) states that if a and b are coprime then
and hence δ(N ) = o(π 11, 15 (N )).
Thus there are infinitely many primes n ≡ 11 mod (15) which are not projective degrees for d ≥ 3.
If n is such a prime with n > 11 then G = A n , so Theorem 5.1(1) is proved. 
Noncongruence subgroups of ∆ 3 (2, 4, 6)
We now consider the group ∆ = ∆ 3 = ∆ 3 (2, 4, 6) , so let A = S 4 , B = D 6 and C = D 3 ∼ = S 3 . We can identify A with the rotation group of a cube, so that C (again unique up to conjugation) is the subgroup preserving setwise an antipodal pair of vertices. Let Ψ 12 , Ψ 8 and Ψ 3 denote the transitive actions of A on the edges, vertices and pairs of opposite faces of the cube; then Ψ 12 restricts as an action of C to one copy of its regular action Σ 6 and two copies of its natural action Σ 3 of degree 3, while Ψ 8 restricts to one copy each of Σ 6 and the alternating action Σ 2 of degree 2, and Ψ 3 restricts to Σ 3 .
We choose C to be the subgroup of B generated by the reflections in the diagonals of a hexagon. The regular action Φ 12 of B restricts as an action of C to two copies of Σ 6 . The action of B on the six vertices of the hexagon, which we will denote by Φ 6V , restricts to two copies of Σ 3 , while its action Φ 6E on the six edges restricts to Σ 6 . The action Φ 3 of degree 3 (the natural action of B/Z(B) ∼ = D 3 ) restricts to Σ 3 , and the action Φ 2 , permuting the two orientations of the hexagon, restricts to Σ 2 .
To form a bipartite graph G, we start with a path containing 2k + 2 vertices and 2k + 1 edges, where k ≥ 1. The even-numbered vertices are coloured white, and labelled Ψ 12 , except for the last which is labeled Ψ 3 ; the odd-numbered vertices are coloured black, and labelled Φ 6V , except for the first which is labelled Φ 3 . All the edges in the path are labelled Σ 3 . Next, k − 1 black vertices labelled Φ 6E , and one labelled Φ 12 , are joined by edges labelled Σ 6 to the white vertices labelled Ψ 12 . The black vertex labelled Φ 12 is joined by an edge labelled Σ 6 to a white vertex labelled Ψ 8 , and this is joined by an edge labelled Σ 2 to a black vertex labelled Φ 2 . The resulting graph is a tree, yielding an action of ∆ as a transitive permutation group G of degree n = 12k + 8 + 3 = 12k + 11. By Dirichlet's Theorem there are infinitely many values of k for which the degree n = 12k + 11 of G is prime. In such cases, G must be one of the groups of prime degree listed in the preceding section. Now S 4 , with nonabelian Sylow 2-subgroups, cannot be embedded in AGL 1 (n), which has cyclic Sylow 2-subgroups, so G is not an affine group. The reflections that is, non-central involutions) in B induce even permutation in Φ 12 , and odd permutations in Φ 2 and Φ 3 ; those in C induce even and odd permutations in Φ 6V and Φ 6E respectively, while those in B \ C have the opposite parity. Since B induces k and k − 1 copies of Φ 6V and Φ 6E , and one each of Φ 2 and Φ 3 , it follows that reflections in C or B \ C induce odd permutations on Ω as k is even or odd, so G is not one of the simple groups A n , P SL 2 (11), M 11 or M 23 . If G ≤ P ΓL 2 (q) for some q then q = n − 1 is even and hence a power of 2, which is impossible since n − 1 ≡ 10 mod (12) . As in the preceding section, a density argument based on Lemma 5.3 shows that there are infinitely many values of k for which n is not a projective degree with d ≥ 3, so G = S n in such cases. This proves Theorem 5.1(2).
Noncongruence subgroups of ∆ 2 (2, 3, 8)
When considering ∆ = ∆ 2 = ∆ 2 (2, 3, 8) we again have A = S 4 , but now B = D 8 and C = D 4 . In this case it is difficult to arrange for the degree n of the permutation representation to be prime (or even odd), since A and B have so few transitive actions of odd degree: only Ψ 3 and Ψ 1 (the trivial action) for A, and the trivial action Φ 1 for B. Instead we construct the graph G so that ∆ 2 acts as a group G of degree n = 2m where m is prime, and then use known results on groups of such degrees.
Let the actions Ψ 12 and Ψ 8 of A be defined as for ∆ 3 , let Ψ 24 be its regular action, and let Ψ 6 be its action by rotations on the faces of a cube. There is a unique conjugacy class of subgroups C ∼ = D 4 in A: these are the Sylow 2-subgroups, or equivalently the subgroups stabilising a pair of opposite faces of the cube. There are two transitive faithful actions Σ 4V and Σ 4E of degree 4 of C, on the vertices and the edges of the equatorial square midway between the pair of faces it stabilises; the point stabilisers in these two actions are generated by a transposition and a double transposition in S 4 . Then Ψ 24 restricts to three copies of the regular action Σ 8 of C, while Ψ 12 restricts to one copy each of Σ 8 and Σ 4V , Ψ 8 restricts to Σ 8 , and Ψ 6 restricts to Σ 4E and two copies of the trivial action Σ 1 .
Regarding B as the symmetry group of an octagon, we will choose C to be the subgroup generated by reflections in the diagonals. The regular action Φ 16 of B restricts to two copies of Σ 8 , while the natural representation Φ 8V , on the vertices of the octagon, restricts to one copy each of Σ 4V and Σ 4E , on alternate vertices.
To construct a bipartite graph G, we start with a tree consisting of k white vertices of valency 3, all labelled Ψ 24 , and k + 2 white vertices of valency 1; k + 1 of these are labelled Ψ 8 and one is labelled Ψ 12 . We now divide each of the 2k + 1 edges into two edges, labelled Σ 8 and separated by a black vertex of valency 2 labelled Φ 16 . We join the white vertex labelled Ψ 12 to a black vertex labelled Φ 8V by an edge labelled Σ 4V . We join this black vertex to a white vertex labelled Ψ 6 by an edge labelled Σ 4E . Finally we join this white vertex to two black vertices labelled Φ 1 by edges labelled Σ 1 . This gives an action θ : ∆ → S n of ∆ as a transitive permutation group G of degree n = 32k + 26 = 2(16k + 13) on the union Ω of the k copies of Ψ 24 , k + 1 of Ψ 8 , and one each of Ψ 12 and Ψ 6 .
From now on we will assume that m := 16k + 13 is prime. By Dirichlet's Theorem, there are infinitely many values of k satisfying this condition. Proof. If G is imprimitive then since m is prime, Ω consists either of two blocks of imprimitivity of cardinality m or of m blocks of cardinality 2. In the first case, each element of G must either preserve or transpose the two blocks. If some element of A transposes the blocks, then the elements preserving the blocks form a subgroup of index 2 in A. Now S 4 has a unique subgroup of index 2, namely A 4 . This subgroup does not contain the stabiliser C 2 of an element α in the action Ψ 12 of A on edges of the cube, since this is generated by a transposition t ∈ S 4 . Thus t fixes an element α ∈ Ω and yet transposes the two blocks, which is impossible. It follows that each block is invariant under A, and is therefore a union of orbits of A. However, this is also impossible since the blocks have odd cardinality m whereas the orbits of A all have even cardinality. Now suppose that G has m blocks {α, α } of cardinality 2 on Ω. The pairing α → α is a G-automorphism of Ω, induced by the inclusion of a stabiliser G α (α ∈ Ω) with index 2 in a subgroup H of G. This pairing permutes the orbits of A, B and C, preserving inclusions, so it induces an automorphism γ of the graph G, preserving the labelling. If any vertex or edge of G, corresponding to a transitive action of A, B or C of degree d, is fixed by γ, then that action is imprimitive, permuting d/2 pairs {α, α }. If k > 1 then there is a unique white vertex u labelled Ψ 24 which is adjacent to three black vertices v 1 , v 2 , v 3 labelled Φ 16 which are in turn adjacent to white vertices w 1 , w 2 , w 3 labelled Ψ 8 , Ψ 12 and Ψ 24 (thus u is the rightmost white vertex in Figure 3 ). By their uniqueness, these seven vertices and the edges between them are fixed by all automorphisms of G, so the corresponding actions are all imprimitive, inducing transitive quotient actions on pairs. We shall show that, although such quotient actions exist, they do not fit together in a way which is compatible with the structure of G.
First consider the white vertex w 1 . This has label Ψ 8 , the action of degree d = 8 of A with point-stabiliser C 3 ; this subgroup is contained in a unique subgroup of index d/2 = 4 in A, isomorphic to S 3 , so the corresponding quotient action of A on pairs is the natural action Ψ 4 of S 4 . This restricts to the action Σ 4V of C, giving the quotient action corresponding to the edge w 1 v 1 .
Next consider the black vertex v 1 , labelled Φ 16 . There are three transitive actions of B of degree 16/2 = 8, namely the actions Φ 8V and Φ 8E on vertices and edges of an octagon, and the regular action Φ 8Z of the central quotient B/Z(B) ∼ = D 4 . Their restrictions to C are respectively one copy each of Σ 4V and Σ 4E , one copy of Σ 8 , and two copies of Σ 4Z , the regular action of the central quotient C/Z(C) ∼ = C 2 × C 2 . By the preceding paragraph, a copy of Σ 4V must appear, corresponding to the edge w 1 v 1 , so the quotient action of B on pairs corresponding to v 1 must be Φ 8V , with Σ 4E corresponding to the edge v 1 u. Now consider the white vertex u, labelled Ψ 24 . There are two transitive actions of A of degree 24/2 = 12, namely Ψ 12 and the action Ψ 12 * on the cosets of a subgroup generated by a double transposition in S 4 . Now C has two and three orbits respectively in these actions of A, and here we require three orbits of length 8/2 = 4, one for each incident edge, so the quotient action of A on pairs must be Ψ 12 * . This restricts to C as two copies of Σ 4E and one copy of Σ 4Z ; we have seen that the edge uv 1 is assigned the quotient action Σ 4E , so the edges uv 2 and uv 3 correspond to Σ 4E and Σ 4Z in either order. If uv 2 is assigned the quotient action Σ 4E then v 2 is assigned Φ 8V and its other incident edge v 2 w 2 is assigned Σ 4V , whereas if uv 2 is assigned Σ 4Z then v 2 is assigned Φ 8Z and v 2 w 2 is assigned Σ 4Z .
Finally consider v 2 , labelled Ψ 12 . There are three transitive actions of A of degree 12/2 = 6, namely the actions on faces and on antipodal pairs of edges of the cube, and the regular action of its quotient group S 3 . The first two each restrict to C as Σ 4E and an action of degree 2, while the third restricts to three actions of degree 2. None of them provides an action Σ 4V or Σ 4Z for the edge v 2 w 2 , as required above, so this contradiction shows that G acts primitively on Ω.
(In fact, if k = 1 then G acts imprimitively on Ω: the two white vertices labelled Ψ 8 are transposed by γ, as are the black vertices labelled Φ 1 , and G acts on pairs as S 29 .)
A theorem of Wielandt ([32] , also [33] , Theorem 31.1) states that if G is a primitive permutation group of degree n = 2m, where m is prime, then either 1. G is doubly transitive, or 2. G is a rank 3 permutation group, and n − 1 is a perfect square.
In fact, using the classification of finite simple groups, one can now prove the following stronger form of Wielandt's result.
Proposition 5.5. Let G be a primitive permutation group of degree n = 2m, where m is prime. Then G is isomorphic to A n , S n , the Mathieu group M 22 , Aut M 22 or a subgroup of P ΓL 2 (q) containing P SL 2 (q) where n = q + 1 for some prime power q, each acting naturally as a doubly transitive group, or to A 5 or S 5 , acting as a rank 3 group of degree 10 on unordered pairs.
Proof. First suppose that G is doubly transitive. As a consequence of the classification of finite simple groups, the doubly transitive finite groups are all known (see [3, §4.8] , for example, or [12, §7.7] with the missing group Aut M 22 added). They are:
4. symplectic groups Sp 2d (2) with n = 2 d−1 (2 d ± 1) for d ≥ 3;
5. unitary groups: groups G satisfying P SU 3 (q) ≤ G ≤ P ΓL 3 (q) with n = q 3 + 1 for prime powers q; 6. Suzuki groups: groups G satisfying Sz(q) ≤ G ≤ Aut Sz(q) with n = q 2 + 1 for q = 2 e and odd e > 1; 7. Ree groups: groups G satisfying R(q) ≤ G ≤ Aut R(q) with n = q 3 + 1 for q = 3 e and odd e ≥ 1 (this includes G = R(3) ∼ = P ΓL 2 (8)); 8. eleven sporadic examples: the Mathieu groups M n for n = 11, 12, 22, 23 and 24; M 11 for n = 12; P SL 2 (11) for n = 11; P SL 4 (2) for n = 15; Aut M 22 for n = 22; the Higman-Sims group HS for n = 176 = 2 4 .11; the Conway group Co 3 for n = 276 = 2 2 .3.23.
In our case n = 2m, where m is prime, so all except the alternating, symmetric and projective groups, M 22 and Aut M 22 are immediately excluded by their degrees: for instance the unitary groups and Ree groups cannot occur since q 3 +1 = (q+1)(q 2 −q+1) cannot have the form 2m where m is prime. Similarly, G cannot act as a subgroup of P ΓL d (q) for any d > 2: since n is even we would need d to be even (and q to be odd), so n = q d−1 +· · ·+q+1 = (q+1)(q d−2 +q d−4 +· · ·+q 2 +1) with d ≥ 4, and this cannot have the form 2m with m prime. By Wielandt's theorem, the second possibility is that G has rank 3. In this case Kovács, Marušič and Muzychuk [22] have used the classification of primitive groups of rank 3 by Liebeck and Saxl [24] (another consequence of the classification of finite simple groups) to show that m = 5 and G is A 5 or S 5 acting on unordered pairs.
In order to apply this result, let us take m = 16k + 13 as before, but now with the additional requirement that k ≡ 1 mod (9), so that m ≡ 29 mod (144). Note that there are infinitely many primes of this form, and that provided k > 1 the corresponding group G of degree n = 2m constructed above is primitive. Since n > 22 it follows from Proposition 5.5 that G is A n , S n or a subgroup of P ΓL 2 (q) where q = n + 1. In this last case, since m ≡ 2 mod (9) we have q = 2m − 1 ≡ 3 mod (9); since q is a prime power this gives q = 3, so n = 4, whereas in fact n = 2m ≥ 58. Thus G = A n or S n . An element of order 8 in B induces even permutations in each copy of Φ 16 or Φ 1 in Ω, but it induces an odd permutation in the single copy of Φ 8 , so G ≤ A n and hence G = S n . This completes the proof of Theorem 5.1(3).
Comments. 1. As in the above proof of Theorem 5.1(3), one could avoid the use of density arguments based on Lemma 5.3 in proving parts (1) and (2) by constructing primitive permutation representations of ∆ 5 and ∆ 3 of degree 2m, where m is prime, and then applying Proposition 5.5. This would give a more constructive form of the result, but in each case it would require an argument similar to that used for Lemma 5.4 to show that the group G acts primitively. 2. By analogy with the unimodular group SL 2 (Z) ∼ = C 6 * C2 C 4 , one might conjecture that in some sense 'most' subgroups of finite index in ∆ = ∆ 2 , ∆ 3 or ∆ 5 are noncongruence subgroups. In the case of SL 2 (Z) the number of congruence subgroups of index at most N has polynomial growth as N → ∞, whereas the number of noncongruence subgroups has exponential growth (see [19] , for instance). It would be interesting to know whether these groups ∆ share this property.
Alternating and symmetric quotients of
One can use the techniques developed in this section to realise certain alternating and symmetric groups as smooth quotients of quadrangle groups such as A 5 * C5 D 5 , so these are p-adic Hurwitz groups for p > 5, in addition to the projective groups given by Theorem 3.5.
Theorem 5.6. The group ∆ = A 5 * C5 D 5 has the following smooth quotients:
1. A n for infinitely many values of n; 2. S n for infinitely many values of n.
Proof. We construct a bipartite graph G, starting with a path of 2k+3 vertices, alternately coloured black, white, . . ., black, successively labelled Φ 5 , Ψ 10 .Φ 10 , Ψ 10 , Φ 10 , . . . , Ψ 10 , Φ 10 , Ψ 12 , Φ 5 (so that there are k pairs Ψ 10 , Φ 10 ). All 2k + 2 edges in this path are labelled Σ 5 . To the white vertex labelled Ψ 12 we join two black vertices labelled Φ 1 and Φ 2 , with edges labelled Σ 1 . Finally, to the black vertex labelled Φ 2 we join a white vertex labelled Ψ 1 , with an edge labelled Σ 1 . Each vertex or edge label Ψ i , Φ i or Σ i denotes the unique transitive representation of degree i of the group A = A 5 , B = D 5 or C = C 5 . The edges incident with each vertex correspond to the restrictions to C of the corresponding actions of A or B. For each k we thus obtain a smooth epimorphism ∆ → G where G is a transitive subgroup of S n and n = 10k + 13. First let us take k to be odd, so that n ≡ 3 mod (20) . By Dirichlet's Theorem there are infinitely many such k for which n is prime, so that G is one of the groups of prime degree listed in Section 5.2. Since G contains a subgroup isomorphic to A 5 it cannot be an affine group. The groups P SL 2 (11) and M 11 of degree 11 are obviously excluded, as is M 23 if we take k > 1. If G is a subgroup of P ΓL 2 (q) then q + 1 = n is odd, so q is a power of 2, and n is a Fermat prime; since n > 5 this implies that n ≡ 2 mod (5), whereas our construction gives n ≡ 3 mod (5), so this case is excluded. As before, we are unable to exclude the possibility that G ≤ P ΓL d (q) for some d ≥ 3, but Lemma 5.3 shows that there are infinitely many primes n ≡ 3 mod (20) for which this does not happen, so that G = S n or A n for such n. Since A is perfect, it induces only even permutations. Now B is generated by C (≤ A) and an involution i, so G = A n or S n as i induces an even or odd permutation. The involutions in B induce even permutations in Φ 5 and Φ 1 , and odd permutations in Φ 10 and Φ 2 . Our construction uses k copies of Φ 10 and one of Φ 2 ; since k is odd we therefore have G = A n , proving (1). Taking k even, so that n ≡ 13 mod (20) and i induces an odd permutation, we obtain a similar proof of (2).
Comment. The permutation representations we have used in proving Theorems 5.1 and 5.6 were designed to have prime or twice-prime degrees in order to facilitate proving that they are primitive, so that we could use well-known results about primitive permutation groups of such degrees. More generally, it should be possible to adapt this method to show that all alternating and symmetric groups of sufficiently large degrees arise as quotients of each of the groups ∆ we have considered. (Conder [7] proved this for the (2, 3, 7) triangle group, and Everitt [14] extended this result to all finitely generated non-elementary Fuchsian groups.) Indeed, Cameron, Neumann and Teague [4] have shown that the set of integers n, for which there is a primitive permutation group of degree n other than A n or S n , has asymptotic density 0, so in 'most' cases it would be sufficient to show that ∆ acts primitively. More generally, we conjecture that every free product with amalgamation A * C B, where A and B are finite groups with |A : C| ≥ 3 and |B : C| ≥ 2, has all but finitely many alternating groups as quotient groups; the case C = 1 has been dealt with in unpublished work of Müller and Pyber [28] .
